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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
Crack propagation in particle composite materials depends on the properties of a matrix and a particle. A changing combination 
of the materials of a matrix and a particle together with various shape of the particle can result either in an increase or decrease of 
global fracture properties of the composite.  
A crack propagating through a particle composite can be found in the following positions: (i) a crack with its tip in the matrix and 
approaching the particle, (ii) a crack with its tip at the matrix/particle interface, (iii) a crack passing through the particle (iv) a 
crack lying in the matrix/particle interface, (v) a crack with its tip in a corner or at a tip of a polygon-like particle. The stress state 
in the second and the last cases differs from the stress field of a crack in a homogeneous material. The last case can be simulated 
by means of a bi-material notch model.  
The model can be used for evaluation of toughening mechanisms of silicate based composites with various shapes of aggregates. 
The stress singularity exponents of the bi-material models are determined and analyzed for typical materials combinations and 
typical shapes of aggregates. As silicate based composites exhibit quasi-brittle behaviour, the stress field should be described in a 
larger area ahead of a crack tip. For this reason, the exponents of non-singular stress terms are analysed as well. Stress 
distribution in the vicinity of a crack tip is analysed and conditions for further crack propagation are estimated. 
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Nomenclature 
d averaging distance 
E Young’s modulus 
Fijkm shape functions of a general singular stress concentrator 
H generalized stress intensity factor 
k number of the singular term 
KIC fracture toughness 
m material number 
p stress singularity exponent 
r radial polar coordinate 
21 ratio of generalized stress intensity factors 
 eigenvalue for determination of p 
 Poisson’s ratio 
1, 2 angles of the materials regions 
appl	 applied stress 
crit	 critical applied stress 
��	 tangential stress 
�	 angular polar coordinate 
�0	 direction of potential fracture initiation 
1. Introduction 
Among the most frequently used building materials one can primarily name silicate-based, particularly cement-
based composites. Thanks to their character and  the production technology, these traditional materials are very 
adaptable and utilizable for a wide range of applications. As it is well known, the matrix of these composites – 
silicate/cement paste – shows nearly brittle behaviour, while concrete-like composites show a significant non-linear 
response. This is caused by the presence of aggregate in the matrix resulting in activation of various toughening 
mechanisms. Crack propagation in particle composite materials depends on the properties of a matrix and a particle.  
A quantitative description of conditions of crack propagation can be used for explanation of toughening 
mechanisms.  
Crack propagation in a homogeneous linear elastic isotropic material can be described by classical linear elastic 
fracture mechanics (LEFM), (Williams 1957, Erdogan & Sih 1963). Contrary to this, a crack propagating in 
composite materials meets bi-material interfaces where LEFM cannot be used. This is because the stress state at the 
tip of the crack changes at the interface. Stress is still singular, but the power of the singularity changes. This is 
described by a stress singularity exponent which is equal to 1/2 for the case of a crack in homogeneous material, 
while it can be found generally in the interval between 0 and 1 for general singular stress concentrators. If a crack 
has its tip at the matrix/particle interface or in a corner or at the tip of a polygon-like particle, the stress singularity 
exponent differs from 1/2, and generalized fracture mechanics approaches (e.g. Knésl 1991) should be used for 
evaluation of further crack propagation. 
2. Generalized fracture mechanics approach 
The article deals with the case of a crack with its tip in a corner or at a tip of a polygon-like particle. The model 
of a bi-material notch (Fig. 1) is suitable for simulation of the geometry and for evaluation of crack propagation 
conditions. As the opening angle of a crack is considered as 0, the sum of the angles 1 + 2 = 360°. The interface is 
considered as ideal with perfect adhesion. Depending on the materials parameters of materials M1 and M2 the bi-
material notch can model either a crack with its tip in a convex corner of aggregate (M1 = aggregate) or a crack at 
the tip of the aggregate (M1 = matrix). The crack located as shown in Fig. 1 can propagate further into the material 
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based composites. Thanks to their character and  the production technology, these traditional materials are very 
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Crack propagation in a homogeneous linear elastic isotropic material can be described by classical linear elastic 
fracture mechanics (LEFM), (Williams 1957, Erdogan & Sih 1963). Contrary to this, a crack propagating in 
composite materials meets bi-material interfaces where LEFM cannot be used. This is because the stress state at the 
tip of the crack changes at the interface. Stress is still singular, but the power of the singularity changes. This is 
described by a stress singularity exponent which is equal to 1/2 for the case of a crack in homogeneous material, 
while it can be found generally in the interval between 0 and 1 for general singular stress concentrators. If a crack 
has its tip at the matrix/particle interface or in a corner or at the tip of a polygon-like particle, the stress singularity 
exponent differs from 1/2, and generalized fracture mechanics approaches (e.g. Knésl 1991) should be used for 
evaluation of further crack propagation. 
2. Generalized fracture mechanics approach 
The article deals with the case of a crack with its tip in a corner or at a tip of a polygon-like particle. The model 
of a bi-material notch (Fig. 1) is suitable for simulation of the geometry and for evaluation of crack propagation 
conditions. As the opening angle of a crack is considered as 0, the sum of the angles 1 + 2 = 360°. The interface is 
considered as ideal with perfect adhesion. Depending on the materials parameters of materials M1 and M2 the bi-
material notch can model either a crack with its tip in a convex corner of aggregate (M1 = aggregate) or a crack at 
the tip of the aggregate (M1 = matrix). The crack located as shown in Fig. 1 can propagate further into the material 
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M1 (Fig. 2a), or it can kink to the interface between materials M1 and M2 (direction  = 0, Fig. 2b) or it can further 
propagate into the material M2 parallel with the interface ( = 0, Fig. 2c).  
Crack propagation conditions are given by determination of a possible crack propagation direction and by 
estimation of the level of applied loading under which the crack will propagate. The most probable crack 
propagation mode corresponds to the direction in which the lowest applied loading leads to a crack increment. For 
reliable assessment of these conditions it is necessary to know the stress distribution around the crack tip and 
generalized fracture mechanics parameters. The process can be found in Klusák et al. (2013) and is briefly described 
in the following. The stress distribution is given by the sum of singular and nonsingular stress terms: 
, 2
kpk
ij m ijkm
k
H r F 
     (1) 
where the subscripts i, j = r,   refer to polar coordinates. The subscript m differentiates materials 1 and 2 where 
the stress is determined, k = 1, 2, 3, ... denotes the number of the stress term. The value Hk is the generalized stress 
intensity factor (GSIF), which has to be ascertained from a numerical solution of the studied geometry with given 
materials and boundary conditions, see Ping et al. (2008), Klusák et al. (2008) or Profant et al. (2008). The functions 
Fijkm (for i, j = r, ) are known shape functions depending on the stress exponents pk, the elastic constants of 
materials used, the geometry of the bi-material notch, and the polar coordinate . For a detailed stress description 
see also Williams (1957), Qian et al. (1999) and Klusák et al. (2010). 
Fig. 1. Model of a bi-material notch with a polar coordinate system (r, ) originating in the crack tip 
Fig. 2. Three possible modes of further crack propagation 
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Stability of a crack in classical LEFM is controlled by fracture toughness of the material which is compared to 
the stress intensity factor calculated for the crack. As the units of GSIFs Hk [MPampk] depend on the stress exponent 
pk, the values of GSIFs cannot be compared to KIC values that are material characteristics. In order to establish  a 
generalized stability criterion a magnitude with the same units and the same physical meaning in the cases of a crack 
in homogeneous material and a general singular stress concentrator have to be used. Average tangential stress ahead 
of the crack and the general singular stress concentrator can be considered as a suitable magnitude. If we consider 
only two stress terms, the average value of the tangential stress component is calculated over a certain distance d:  
1 21 2
, 1 2
1 20
1( ) ( , )d (1 ) (1 )2 2
d p p
m m m
H Hd dr r F F
d p p   
     
 
       (2) 
The distance d has to be chosen with respect to the mechanism of a failure, e.g. as a function of the size of 
material grain, it can be related to a fracture process zone (in the case of quasi brittle materials) or it can be gained 
by means of approaches shown in Leguillon (2002) or Taylor (2007). 
By analogy with cracks in the homogeneous case - Maximum tangential stress criterion, Erdogan (1963) - it is 
assumed that a crack at the bi-material notch tip is initiated in the direction 0 where , ( )m  has its maximum. 
Furthermore, it is assumed that a crack propagates when , 0( )m   reaches its critical value , 0C ( )m   that is 
ascertained for a crack under normal loading mode I in homogeneous media. This value depends on fracture 
toughness KIC,m:  
IC,
, 0C
2( 0) 2
m
m
K
d
       (3) 
The direction of potential crack initiation is determined from the maximum of the average value of tangential 
stress in both materials. Therefore, the first derivative of (2) must be zero and the second derivative of (2) must be 
positive. The following relation fits the direction of assumed crack initiation and follows from the first derivative of 
(2), which is a necessary condition:  
1 2
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It is obvious that the value of 0 does not depend on the absolute values of GSIFs, but only on their ratio H2/H1 = 
21[ 1 2m p p ] (obtained from the numerical solution). This direction corresponds to further crack propagation, but 
only under the assumption of uniform fracture toughness KIC. For composites with different values KIC of particular 
components, both material regions should be evaluated for possible crack propagation. As shown in Klusák et al. 
(2013) the critical value of GSIF can be determined in the following form: 
1 11 22 2
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   (5) 
The value 1 ,C mH is determined for the material region m, where the average tangential stress has its global 
maximum corresponding to the angle 0(4). According to Fig. 2, let us suppose that it is m = 1. Then the value 
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1 ,1CH depends on fracture toughness ,1ICK , which is a common material characteristic. The advantage of this 
method is that no special material property has to be measured.  
As mentioned above, crack propagation in and along the interface (Fig. 2b, Fig.2c) should be evaluated as well. It 
can be done by inserting fracture toughness ,interfaceICK , and the angle 0,interface = 0 (and ,2ICK ,0,2 = 0) into the 
relation (5). Nevertheless, it can be shown that for directions significantly differing from the direction of the global 
maximum the stress distribution described by two singular stress terms is less precise. Thus the critical applied stress 
for crack kink and propagation in the direction 0,m = 0, m = {interface, 2}, follows from the ratio of average 
tangential stress , 0, appl( , )m m    (gained for the direction 0,m = 0 from a numerical solution) and the critical 
value , Cm (based on fracture toughness) (3). 
In order to define a stability criterion of the general singular stress concentrator, one has to determine the level of 
external loading under which a fracture initiates or propagates. The loading can be expressed in terms of an applied 
stress appl. The critical applied stress for  crack propagation in the direction of the maximum tangential stress (into 
material m = 1) holds: 
1
crit, appl
1 appl
, 1( )
C
m
H m
H
       (6) 
while the critical stress for the cases shown in Fig. 2b and Fig. 2c (m = interface and m = 2): 
 , 0 IC,Ccrit, appl
, 0, appl
( 0, ) , interface,2( , )
m m
m
m m
K
m

     
  ,   (7) 
Finally the direction and material of the most probable fracture propagation correspond to the direction of the 
minimum of the valuescrit,m for m = {1, 2, interface}, and the stability criteria expressed by means of stresses: 
appl crit     (8) 
A crack in a corner or at the tip of a polygon-like particle does not propagate if the applied loading stress is lower 
than its critical value gained from (6) or (7). 
3. Numerical example 
Fracture behaviour of silicate based composites with a crack at a sharp aggregate is analysed by means of the bi-
material notch model. Typical combinations of materials are considered. Cement paste is used as a matrix while 
aggregates are represented by sandstone, granite and basalt. The material parameters used within the calculations are 
stated in Table 1. Their combination can cover a range of the ratio of Young's elastic moduli. Poisson's ratio is taken 
constantly as 0.2. Usual ranges of values of fracture toughness of material components are stated in Table 1 as well. 
Note that for better comparison of results of the calculations, the value 0.5 MPam1/2 was used for cement paste and 
for sandstone, while the value 4.0 MPam1/2 was used for granite and basalt. 
The stress state in the vicinity of a bi-material notch has a singular character and can be described by the sum of 
stress series with singular and non singular terms (1). The exponents of the stress terms pk = 1k, where k are 
eigenvalues following from a solution of the eigenvalue problem of given boundary conditions. There are 
eigenvalues k with their real part between 0 and 1. These singular eigenvalues lead to infinite stresses for r 0. 
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Eigenvalues k 1 correspond to non-singular stress terms and they contribute to more accurate stress distribution 
further from the tip of a singular stress concentrator. Generally, k can be complex. Values of k depend on a 
materials combination, here given by the ratio of E1/E2, and on geometry expressed by angles 1 and 2. Values k  
are calculated for E1/E2 {1/3; 1/2; 2/3; 3/2; 2/1; 3/1} and angles 1 {290; 280; 270; 260; 250}°, where angles 2 
= 360 1[°]. The dependences of the first three eigenvalues λk on geometry and materials are shown in Figures 3a) 
and 3b). For better resolution of the curves,  Fig. 3a) shows only the eigenvalues λ1 and λ2, while the values λ3 are 
shown in Fig. 3b). Note that only the real parts of the eigenvalues are shown. In cases of twofold singularities where 
λ1 = λ2, also an imaginary part of a particular eigenvalue exists. 
Table 1. Material properties of a concrete matrix and aggregate. 
 
Material Young modulus 
E[GPa] 
Poisson's Ratio  
[-] 
Fracture Toughness 
KIC[MPam1/2] 
(Range of values)  
Fracture Toughness 
KIC[MPam1/2] 
(Used value) 
Sandstone 20 0.2 0.28 - 0.52 0.5 
Granite 45 0.2 1.8 - 6.3 4.0 
Basalt 
Cement paste 
60 
30 
0.2 
0.2 
1.8 - 6.35 
0.1 - 0.8 
4.0 
0.5 
 
The ratios E1/E2> 1 correspond to a crack with its tip in the convex corner of aggregate, while the ratios E1/E2< 1 
mean presence of a crack at the tip of aggregate (and simultaneously in the convex corner of a matrix) with the 
exception of E1/E2 = 2/3 which can also correspond to a crack in the convex corner of a sandstone aggregate.  
Fig. 3 Eigenvalues λ1, λ2 and λ3of a crack in a convex corner of aggregate or a matrix 
Among the geometrical configurations, the angle of the aggregate or the aggregate corner has been chosen as 90° 
for the following numerical evaluation of critical applied stress. The model with a detail of the mesh in a crack tip is 
shown in Fig. 4. The specimen with a horizontal bi-material interface and vertical crack has been fixed at its right 
side edge (displacements ux = 0), where the right top corner has also been limited in y direction (displacement uy = 
0). The stress applied to the left edge has been setappl = 1 MPa.  
The dimensions of the specimen are 10×10 mm, while the inclusion occupies a quarter of the area. The length of 
the smallest element is 5 μm and the dimension of the area where the tangential stress has been averaged is 1 mm. 
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stress series with singular and non singular terms (1). The exponents of the stress terms pk = 1k, where k are 
eigenvalues following from a solution of the eigenvalue problem of given boundary conditions. There are 
eigenvalues k with their real part between 0 and 1. These singular eigenvalues lead to infinite stresses for r 0. 
6 J. Klusák / StructuralIntegrity Procedia  00 (2016) 000–000 
Eigenvalues k 1 correspond to non-singular stress terms and they contribute to more accurate stress distribution 
further from the tip of a singular stress concentrator. Generally, k can be complex. Values of k depend on a 
materials combination, here given by the ratio of E1/E2, and on geometry expressed by angles 1 and 2. Values k  
are calculated for E1/E2 {1/3; 1/2; 2/3; 3/2; 2/1; 3/1} and angles 1 {290; 280; 270; 260; 250}°, where angles 2 
= 360 1[°]. The dependences of the first three eigenvalues λk on geometry and materials are shown in Figures 3a) 
and 3b). For better resolution of the curves,  Fig. 3a) shows only the eigenvalues λ1 and λ2, while the values λ3 are 
shown in Fig. 3b). Note that only the real parts of the eigenvalues are shown. In cases of twofold singularities where 
λ1 = λ2, also an imaginary part of a particular eigenvalue exists. 
Table 1. Material properties of a concrete matrix and aggregate. 
 
Material Young modulus 
E[GPa] 
Poisson's Ratio  
[-] 
Fracture Toughness 
KIC[MPam1/2] 
(Range of values)  
Fracture Toughness 
KIC[MPam1/2] 
(Used value) 
Sandstone 20 0.2 0.28 - 0.52 0.5 
Granite 45 0.2 1.8 - 6.3 4.0 
Basalt 
Cement paste 
60 
30 
0.2 
0.2 
1.8 - 6.35 
0.1 - 0.8 
4.0 
0.5 
 
The ratios E1/E2> 1 correspond to a crack with its tip in the convex corner of aggregate, while the ratios E1/E2< 1 
mean presence of a crack at the tip of aggregate (and simultaneously in the convex corner of a matrix) with the 
exception of E1/E2 = 2/3 which can also correspond to a crack in the convex corner of a sandstone aggregate.  
Fig. 3 Eigenvalues λ1, λ2 and λ3of a crack in a convex corner of aggregate or a matrix 
Among the geometrical configurations, the angle of the aggregate or the aggregate corner has been chosen as 90° 
for the following numerical evaluation of critical applied stress. The model with a detail of the mesh in a crack tip is 
shown in Fig. 4. The specimen with a horizontal bi-material interface and vertical crack has been fixed at its right 
side edge (displacements ux = 0), where the right top corner has also been limited in y direction (displacement uy = 
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For this configuration the critical applied stress has been calculated for the condition of further crack propagation 
into the material 1 (m = 1) by means of the equations (6) and for the condition of crack kink to the material 2 (m = 2) 
by means of the equations (7).  Fig. 5 shows that for E1/E2 ≤ 1 the value of critical applied stress is lower for the case 
of further crack propagation into the material 1. This means that for the cases of a crack at the tip of the granite and 
basalt aggregate, a crack will propagate into the matrix. Similarly for a crack in the corner of sandstone aggregate 
(E1/E2 = 2/3) a crack will propagate through the aggregate. Note that E1/E2 = 1 correspond to crack propagation in a 
homogeneous matrix and it can be considered as a reference case. On the other hand, for E1/E2> 1 the value of 
critical applied stress is lower for the case of crack propagation into the material 2. This means that for cases of a 
crack with its tip in the corner of the granite and basalt aggregate, a crack will kink to the matrix and it will further 
propagate along the interface. 
Fig. 4. Finite element model with a detail of the mesh in a crack tip 
It is obvious that in the studied cases the critical applied stress depends mainly on fracture toughness of the 
matrix and aggregate. The results have shown the mode of further crack propagation and quantified the stress level 
under which a crack propagates. With respect to the reference case of crack propagation in a homogeneous matrix, 
the corner of tough aggregate (granite, basalt etc.) contributes significantly to toughening mechanisms of silicate 
based composites. 
4. Conclusions 
In the article, cases of a crack in a corner or at the tip of a polygon-like particle are evaluated from the 
generalized fracture mechanics point of view. The cracks have their tips at an interface between a matrix and 
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aggregate. For this reason they are evaluated by means of the bi-material notch model and by using generalized 
fracture mechanics approaches. The results are presented in terms of critical applied stress under which further crack 
propagation occurs. Two modes of crack propagation are evaluated, namely crack propagation in the direction of the 
global maximum of average tangential stress and crack kink and propagation into the material 2 in the direction 
parallel to the bi-material interface (this direction corresponds to the local maximum of average tangential stress).  
Fig. 5. Critical applied stress crit(E1/E2) 
It is shown that in the studied cases the critical applied stress and the mode of further crack propagation depend 
mainly on fracture toughness of a matrix and aggregate. With respect to the reference case of crack propagation in a 
homogeneous matrix, the corner of tough aggregate (granite, basalt etc.) contributes significantly to toughening 
mechanisms of silicate based composites.  
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